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Abstract We discuss different interpretations of the particle production in quantum fields
theory. We study in detail the “instantaneous Hamiltonian diagonalization method” and the
“adiabatic vacuum prescription” and we show the difference between both methods calcu-
lating the particle production in the flat Friedmann-Robertson-Walker chart of the de Sitter
space-time. Finally, we study the particle production in a classically forbidden region, and
we apply the obtained results to the problem of the catastrophic particle production in tun-
neling universes.

Keywords Vacuum state - Particle production - Euclidean quantum fields theory

1 Introduction

Several definitions of the vacuum state exist in quantum fields theory that, when one does
not calculate “in-out” transitions, can give rise to different results when one calculates the
number of produced particles. The aim of the present paper is to discuss in detail the different
interpretations, that exist in the literature, of the particle production phenomenon, specially
the “instantaneous Hamiltonian diagonalization method” [1, 2] and the “adiabatic vacuum
prescription” [3—6]. To do this, we review the definitions of these methods and we deduce,
in Heisenberg and Schrodinger pictures, the different computational formulae that give rise
both prescriptions, and we also compare these two interpretations with the interpretation
used in [7-10].

As an application we study two different examples: Firstly we examine the particle pro-
duction at late times from the Bunch-Davies [11] vacuum state in the Friedmann-Robertson-
Walker flat chart of the de Sitter space-time, where the adiabatic vacuum prescription give
the thermal spectrum obtained by Gibbons and Hawking [12, 13], and the diagonalization
method give a greater particle production [14]. We will see that this difference is due to the
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fact that does not exist a well defined “out” region at late times. In the second example we
study the particle production by a constant electric field, the number of produced particles
is given by the well-known Schwinger’s formula [15], independently of the method used to
calculate it.

We are also interested in the particle creation in an Euclidean region [16]. In this case,
we must use the Schrodinger picture because the evolution operator is not unitary and then
one cannot use the Heisenberg picture to calculate matrix elements. Then studying the
Schrodinger equation we will see that, for some initial quantum states, there is a catastrophic
particle production, and we will show what kind of initial conditions avoid this phenomenon.
Finally, we apply these results to the problem of the catastrophic particle production in a
minisuperspace model where a closed homogeneous universe, filled with a uniform massive
scalar field conformally coupled to gravity, is created from nothing [17-19].

2 Heisenberg Picture in a Lorentzian Region
We consider the Hamiltonian operator 7:((77) = %(Iil2 + a)z(n)qu) - %ha)(n). In the Heisen-

berg picture the operators (1 and q?)H satisfy, in a Lorentzian region, the equations q@}, =My
and Iil/H = —w?¢y, that is, ¢y satisfy the Klein-Gordon equation ¢}, + w*¢y =0, and thus,

we can write:
b (n) v \ & V) \ o
~ = Av. + Av ) 1
(nm)) (V’(n)) g <V’*(n)> o M

where the mode function v is a solution of the Klein-Gordon equation and AAu, y 1S a constant
operator in the Heisenberg picture that we call the “annihilation operator relative to the
mode v”.

From the commutation relation [, ¢A>] = —ih, one can deduce that v must satisfy the
relation v'v* — v*v = —iF, and then the annihilation operator is given by
~ i ,
A== (" du ) = v ). @)

We can define the “vacuum state relative to the mode v”’, namely |0 ; v), as the quantum
state that satisfy A, y|0p;v) = 0. It is clear from this definition that there is not particle
production at any time, because (v; 0H|Az y Ay m10g; v) =0 all the time [3]. However, this
definition depends on the choice of the mode v. Effectively, if we choose two different mode
functions, namely v; and v,, since we have AVl H =0 2AV2 7+ BiLA Vz - With

i i .
app = —EW[vz; viT, ,3;"2 = —%W[vg‘; v{], where W denotes the Wronskian. (3)
Then an observer in the |0y; v,) vacuum state, can observes v;-particles, because one
has N2 = (v2; 0n A, Ay ml0m; v2) = 1B12]%
In this way, if we consider the family of solutions to the Klein-Gordon equation, namely
v;(n), defined by the initial condition

v (1) = f(1); vt/ (t) =g(t), where f and g are some arbitrary functions, 4)
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then the number of v, -particles detected by an observer in the |0y ; v,/) vacuum state is

N(t; ) = (v 0H|AII.HAVT,H|OH; v)=|B(r; ), with B(r;7') = %W[w; vel.
)

Note that, different families of solutions give rise to different definitions of the vacuum
state. For example, to define the adiabatic vacuum prescription first we consider the e-
Klein-Gordon equation ev” + w?(n)v = 0, where here, € is a dimensionless parameter that

one shall set € = 1 at the end of the calculations. At order “n”, a WKB solution of the
Klein-Gordon equation is (see for details [6]):

h i [T
. . = - _gj Wn (n;€)dn 6
Vuywip(T3 €) =, | 2Wn(t;é)e , (©6)
where Wy = w and

1w 3 (W _))?
W, = terms until order €2 of | [w?2 —e2|-—2=1 = W) . ©)
2Woor 4 W2,

Once one has introduced the WKB solutions, the adiabatic vacuum at order » is defined
through the family v,.,(n) that satisfy the initial condition

Vit () = Viwis (8 € = 1); V. () = vy kgt € =1). (3)

' From this definition, at the n order, the S-Bogoliubov coefficient is B,(t; 1) =
%W[v,,;,/; vp:-], and the number of produced particles at time t can be calculated from
the formula

No(z;T) = 1Bt TP

1 ’ 2 2 2 1
<5[|uw,(r)| + W, Ol (0] = EhWn(T)>

= AW, (o)
‘,V’;Z(.L_) 2 Wé(f) -
+ W’?(T)h)n;z’(f)l + W(Umr’(r)vn;t’(f)
+ v;;f’(t)v:;r’(f))v (9)

where W, (1) = W, (t;e =1).
Another important family of solutions to the Klein-Gordon equation, namely Vgiqg.:(17),
is given by the initial condition

Viiagit (1) = vo,wks(t; € = 1); V:ﬁag;t(l‘)Z—iw(Z)VO;WKB(fQG =1. (10)

This family defines the so-called instantaneous Hamiltonian diagonalization method,
and it’s not difficult to prove that the instantaneous mean occupation number at time t is
given by the formula

Ndiag(r; T/) = |,Bdiag(r; T/)|2
1

1, 1
= ha)(‘[) <§[|vdiag;r’(f)|2 +0)2(T)|Vdiag:r/(f)|2] - 571(1)(‘[)) s (11)

which shows that this quantity is the energy at time t of the mode V4. divided by the
energy, at time t, of a single particle.
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2.1 Examples

In this Section we study two no-trivial examples where we can see the difference between
both methods.

Example 2.1 (Particle creation in the flat FRW chart of the de Sitter space-time [13, 14])
We consider the case w(n) = w(z, + ;‘—22 with A > 1 and —oo < 1 < 0. An easy calcula-
tion yields

iA
h .
Vowks(n; € = 1) = [ —— ooV 1A% e il . (12)
2w(n) /172+A2/a)§+A/w0

And clearly, when  — —o0, we have

h . , .
vowks(1; € = 1) = | ge‘””o”; Vo.wig (15 € = 1) — —iwgvo,wks(n; € = 1). (13)
0

Then, the mode solution that satisfy the initial condition (13) is given in terms of the

Hankel functions [11]
whn
v =€\ =7 HP (wo), (14)

withuz‘/——Azle C=e i(TH0) X emA2e7i% and n=e"""|n|.

Using the asymptotic form of the Hankel functions at late times, i.e., when n ~ 0~ [20]

—iA
v(n);—c,/@l[ “TAP(] — A)( °”> —T(1+i A)( ‘m) } (15)
4 A

an easy calculation provides that

|Baiag (0; —00)* = IT(1—iA)e™. (16)

32w A3

Using at this point [20] |T'(1 + z)|?> = 7 z/sin(rrz), we conclude that, when n — 0™, the
number of produced particles, using the diagonalization method, is given by [14]

o 1
Ndmg (0 OO) 16A2 (17)

However if we use the zero order (the other orders give the same result) adiabatic vacuum
prescription, the square of the 8-Bogoliubov coefficient is given by

1
|Bo(0; —00)|* = 7 |V (0) Vg, ks 0 € = 1) — V' O)vowis(0s € = D) (18)

Inserting (12) and (15), in this last formula, we obtain

No(0; oo)2L|r(1+zA)|2 A= (= 1) (19)
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This is the thermal spectrum obtained in the flat FRW chart of the de Sitter space-time
[12, 13].

Remark 2.1 The two methods gives a different result because when n — 0~, we have

. 1
vowks (M € =1) = —iw(n)vo wks(n; € = 1) + %VO,WKB(W; e=1), (20)

this is due to the fact that lim,_.o- w(n) = oo, that is, at late time there is not a well-defined
“out” region.

Example 2.2 (Schwinger’s formula)
Here we consider the frequency [21]

1
w) = 7 (P(ps+eEn*+c*pl +m’c*);  ne(—oo,00). (21)

If we make the change y = é—CE (p3 + eEn), the Klein-Gordon equation behaves

u" + & (y)u=0, (22)

where, @(y) =,/1y2 — A and A = -2 (? p + m>c*).
In this case, the function vo.wxw(y;€ =1) =,/ M};‘v)e‘if Y@ndn hag the asymptotic be-
havior

h]/zeiy2/4(y2)—l/4—iA/2 y = —00,

. . (23)
hl/zeflyz/él(y2)71/4+lA/2 y — 00.

vo,wrw (y; € = 1)={

Remark 2.2 Note that vy, .y (v; € = 1) = —iw(y)vo,wxw(y; € = 1) when y — o0, this
means that the diagonalization method and zero order adiabatic prescription gives the same
value for B(co; —00).

On the other hand, a independent set of solutions of (22) is given by the two following
parabolic cylinder functions [20]

i, i 11,
u(y) =exp —Zy M —EA'FZ,E,EY s (24)
uﬂy)z-l—ema —iy2 yexp T\ m —5A+§,3,5y2 : 25)
V2 4 4 27 4272

where M is the Kummer’s function.
‘We now define the mode solution

= 12 g1 pin/8 =T A/Ay—1/4=iA/2

v(y) @(y), (26)

with

L(i+454) FG+54)

+ , 27

p(y) =

@ Springer



830 Int J Theor Phys (2009) 48: 825-835

and

INCEEYY ir(§+ LA)

ra=in T

B= (28)

Then, from the asymptotic behavior of the Kummer’s function [20] we can see that

v(y) = vowkw(y; € =1),  wheny — —oo0, (29
and
v(y) = B2 g k(s € = 1) + CB™ 'y (vi€ = 1), when y — oo, (30)

with
PG+54) TG+54)

PG-34 TG-34)

C=

Then from this last formula we can deduce that, in both cases (diagonalization method
and zero order adiabatic vacuum prescription), the square of the 8-Bogoliubov coefficient
is given by

b4
eEch

|B(00; —00)|* = |C/B|* =" = exp(— (*pi +m2c4>>, 31

in agreement with the Schwinger’s result [15].

3 Schrodinger Picture

Let 7(n;0) be the Schrodinger’s evolution operator in a Lorentzian region that satisfy
7 (0; 0) = Id. Both pictures are related through the equations:

0s(); V) =T (;0)|0m;v); A, s(n) =T (n;0)A, 5T (0; 7). (32)

From formula (2), and the relations (dES =¢ and Ng = —i hdg) we have
N i 1% . *
A, s(n) = % (V* (¢ + ihv*()dy) - (33)

And since |0s(n); v) satisfy the Schrodinger equation and the relation Avqs(n)|05(n);
v) = 0, we easily deduce that the solution of the Schrodinger equation with initial condition
|0g; v) is given by the Gaussian state

1 1/4 . n i VR 42
0 W= ——— i/2Jg 0@t 25 i ¢ 34
s i) <2n<v*(n))2> ‘ ‘ Gd

If we use the formula

e ﬂ_’i(l+$)2>”“
- _<w ) e, (35)
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. £ A .
where we have introduced the squeezed state |&) = (1 —|£[2)/*e3 A"’ |0) with squeezed pa-
rameter £ = % [22], we can see that the vacuum state relative to the mode v, i.e. |0s(n); v),

is a Gaussian squeezed state. In fact we have

v (e () +iv™*(n)
v mw(n) —iv=(n)’

05 (n); v) = e *PIE@),  with &(n) = (36)

and «(n) is a real function.

Once we have seen that the vacuum state relative to a prescribed mode is a squeezed
Gaussian state, we study in detail the instantaneous diagonalization approach in the
Schrodinger picture (similar results are obtained for the adiabatic vacuum prescription).

We define the instantaneous annihilation operator at time 7, in the Schrédinger picture,
as the operator that diagonalize the Hamiltonian at time 7, that is

AM) = Ay s(0) = Vs () <a¢ + ?@ : 37)

Then the instantaneous vacuum state at time 1, namely |0(n)), that satisfy A(n) [0(n)) =0
is given by

(38)

1/4
(1) e*%d’z'
wh

10(m)) = [0s(1): Vaiag:n) = (

It’s easy to show that
Nitiag (T3 T) = 1Baiag (v; T)* = (0T (', AT () AT (x, T)I0(x)),  (39)

and this is of course, from the point of view of the diagonalization method, the instanta-
neous number of produced particles at time t from the vacuum state at time t’, because
T (7, 1')|0(t")) is the evolved vacuum state from 7’ to 7.

Finally, we are interested in the instantaneous mean occupation number at time 7 from
the Gaussian squeezed state [0s(t’); v). An easy calculation yields

(v; 05(HT (', 1) AT (D) A ()T (z, T)|05(z'); v)

_ 1 (l[ 2+ 2 2]—150) > 40
= o SIV@I + 0 @] = Sho(T) (40)

this means that, in the diagonalization approach, the number of produced particles at time ©
from a Gaussian squeezed state is given by the energy of the mode v at time t divided by
the energy of a particle at that time.

To finish the Section we want to analyze another method to interpret the particle produc-
tion phenomenon [7-10]. One fixes v, then the operator Av, s(7) 1is considered as the annihi-
lation operator at time t relative to the mode v, and the state |0g(7); v) is considered as the
vacuum state at time t relative to the mode v. Then, in [7-10] the authors define the number
of produced particles at time t from the vacuum state at time t’, namely N, (t; 7’), in the
following way N, (t; T') = (v; 05(z))|A] ()A, 5(2)[0s(z'); v). To caleulate N, (t; 7') we
use the following relation

A,s5(1) = —%W[w/); v (D)]A, 5(T) — ;—_LW[V*(r/); v (D]AT (), @1
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where W[ f(t'); g(r)]= f(z))g'(r) — f'(t")g(r). Then, one obtains [10]

2
s

1
Nz ) == WIv(r'); v(1)]

(42)

which is, in general, different from zero.

However we have seen, using the Heisenberg picture, that an observer in the v vacuum
state never observes v particles. The standard interpretation [3] say us that the number of v
particles produced at time 7, from the v vacuum state at time t’ is

(3 05(T)T (¢, DAL (DA, s(D)T (z, T)|0s(¢); v) = (1; 05()|A] (DA, 5(1)]05(7); v)
=0. 43)

Moreover, in the particular case v = Vjuq.,7 (note that [0g(T’); Vgieg:-) is the instantaneous
vacuum state at time 7”), a simple calculation yields

N T T

di

1 / 2 2/ 2 1 /
= = - iag T’ - _ha) 5 44
o () (2[|vdmg,f OF + @™ () Vdiag: ()] = Zha (T) (44)
which does not agree with the formula (11), and do not has an easy interpretation.

A final remark is in order:

If one has an “in” and an “out” regions, (for example at —oo and at oo respectively), the
adiabatic conditions holds (&’ <« @?), and we choose

| A .
Vip = e '“inm  when n — —oo0, (45)
26‘)in

then, using (42) and the zero order WKB approximation, one has \V,,,, (00; —00) = ((wy —
wjy)/2)?, and thus, this number is different of zero when w,,, # w;,, however it’s well-known
that, in this situation,

Niiag (003 —00) = N, (00; —00) = 0. (46)

This means, for us, that the interpretation of the particle production used in [7-10] do not
give the desired results, and for this reason we believe that is not a good interpretation.

3.1 The Schrodinger Equation in an Euclidean Region

In this Section we study the particle production in an Euclidean region. To do this, we must

work in the Schrodinger picture because the evolution operator is not unitary an then on

cannot use the Heisenberg picture to calculate matrix elements (see for details [17, 18]).
The problem that we want to study is

_oli4) o (47)
| (0.+)) = (LI 4o =550y 4 € [1, o],

{ihamg =H(n)| D) m<n<m

which solution

¢ T2

1\
[PL(m) = (m) e 0.+

’
1 vem o
O o e (48)
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where vy (1) is the solution of the problem

h
ue=0; vi(no) = [=—— V(o) = Fwo)vL(n). (49)

v// _
£ 20(n0)

We write this state as a squeezed one

1 /4 F1/2 Y? w(t)dt 7Th 1 +5¢(77) 4
|[DL(n)) = (m) e ' (? @) (1)), (50

: __ o=V ()
with &£ () = Co s mavam -

Thus, the number of produced particles at time 7, from the state |®. (19 1)) using the
diagonalization method, is given now by [16]

(@LIATMAMIDL()) 20
N = = . 51
=) (@ ()| £ () 1—&2(n) el

This formula is only valid for |£4 ()| < 1, when |£.(n)| > 1 the number of produced
particles diverges (one has a catastrophic particle production).
To understand this phenomenon note that £, (1) satisfy the equation

£ =420k + ;"—w(l —£2), Ei(nos) =0. (52)

Then, when the adiabatic condition is fulfilled (' < w?) we can neglect the quadratic
term in (52), and an approximate solution is:

Si(n) = eizf’;](),i wdy’ /
U

0,+

n ! 7w
e s gy (53)

2w

Note that if we choose 179 + =11 (7o,— = 1) we can get £, (7) > 1 (E_(n) > 1) for some
n, and a catastrophic particle creation is produced. However if we choose 1o+ = 1, and

no,— = Ny, then |, (n)| remains small for all values of 7, and consequently we have
/ mn ”72m " / 2
No( Z 2@ e i o ( / et ﬁdn'> : (54)
" 2w
and
2 —af wdn (" 247 wan” @ 2
N_() =g () Ze I (f et —dn/) ' (55)
m 2('0

In the next Section we apply these results to the problem of the “catastrophic particle
creation in tunneling universe”.

3.2 Particle Production in Tunneling Universe
Here we consider a minisuperspace model for a closed Friedmann-Robertson-Walker uni-

verse with a positive cosmological constant filled with a uniform massive scalar field con-
formally coupled to gravity. Working in Planck units, the Hamiltonian of the system is given
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by [19, 22]

A

1 A
H(a, d) = 5832 — V(a) + Hu(a), (56)
with potential V (a) = %(1 — H?@?), and with matter Hamiltonian

~ 1 ) ) ) 1
@) = 5 (=03 + 0 @0?) - 30(@). (57)
where the frequency of the field is w?(a) = m?a® + 1.
If we consider the matter field as a small perturbation of the system, we look for solutions
of the Wheeler-DeWitt equation, ﬂlcb) =0, with the form |®(a, ¢)) = ¥ (a)| ¥ (a, ¢)) [23].
Inserting this expression in the Wheeler-DeWitt equation we obtain:

Bajzw - V(a)w} W) + [w%ajzm + 04 8| W) + wﬂm|w>} =0. (58)

Assuming that v is the solution of the equation

LY V@Y =0, (59)

and making the change ¥ = ™5, we obtain the system

13,9+ V(@) + 1945 =0,
{2< )2+ V() + 5% )

L02%,|W) — i8,50,|W) + H,| W) =0.

To solve this equations we neglect the back-reaction terms, that is, the second derivative
with respect to a, then we get
1 2
3(0,8)"+ V(a) =0,
{ N (61)

—i0,88,|W) + H,u | W) = 0.

The first equation is the classical Hamilton-Jacobi equation, and the second one is the
quantum Schrédinger equation. Effectively, the potential V has two real turning points a; =
0 and a, = H~! and there is a classically allowed region and a classically forbidden one. In
the classical region @ > H~! we choose a wave traveling to the right (tunneling boundary
condition), that is, we choose S(a) = f;,l +/—2V (a)da. In the Euclidean region 0 < a <

H~', one must choose S(a) = —i foa +/2V (a)da. Finally introducing the conformal time

j—‘n’EaaSan:f;q% whena > H™! )
a - H™! a _
j—nzzaaSenz—fa \/261\/% when0 <a < H !,
we can see that the second equation of (61) behaves
i0,|V) =H,|¥) whena>H"' < >0 63)
3,/ W) =H,|¥) when0O<a<H' < —co<n<0.

Then, since the wave-function of the universe is “author-dependent” [24], to avoid the
catastrophic particle production during the tunneling and consequently to assure that the
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back-reaction can be neglected, we choose as boundary condition, that the universe nucleates
via tunneling from nothing, in the matter vacuum state (defined using the diagonalization
approach). Then as we have seen in Sect. 3.1, in the classically forbidden region the particle
production will be very small, and in the classically allowed region we will have the usual
quantum fields theory in curved space-time. In resume, at a = H~' <> n =0, we choose

(64)

_ 1/4
H™! o™
w( ) - Gk )4)2'
b4

|\v>=|0>s<

Remark 3.1 In [22] the authors, essentially, select as a vacuum state the Gaussian state
|®,.(n)) defined in (48), with 1o . =0 and R (V) (0)/v4(0)) < 0, with this interpretation of
the vacuum state, there is not particle production and the back-reaction becomes small, this
means that the approximation (61) holds, and effectively the universe undergo a tunneling
transition from nothing.

4 Discussion

We have showed some differences that exist between the diagonalization method and the
adiabatic vacuum prescription studying a no-trivial example: the particle production in the
de Sitter space-time. We have also discussed the problem of the catastrophic particle pro-
duction in tunneling universe, our prescription to solve this problem is very plausible, we
assume that the universe nucleates in the matter vacuum state and then, in the classical al-
lowed region, one obtains the standard quantum fields theory in curved space-time.
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